TUTORIAL NOTES FOR MATH4220
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1. MEAN-VALUE PROPERTY AND HARMONIC FUNCTIONS
Let us recall the Mean-value property of the harmonic functions.

Theorem 1 (Mean-value property) The function u is harmonic in Q@ C R™ if and
only if for any B,(x) with B,(x) C Q,

1
u(x) = / Yy = ——— u(y)dsS,.
|B )l z) 0B, (2)| Jag, () Y

Using the Mean-value property, we can investigate various properties of harmonic
functions.

Example 2. Suppose u is a harmonic in Q@ C R™, prove that for arbitrary B,.(z) C
Q,
2n+1

[Du(z)| < WTW

In general, for multi-index a = (a1, ..., ay),

lullL1 (B, (2))-

1D%u(x)] < =21l 1, (),

= pntlal
where |a| = a3 + -+ + oy, and
1 _
= AR |04| =Y,
lal = @+ inja)!e :
B ol =1

Proof. The case for |a| =0 is a direct result of Mean-value property.
For |a| = 1, by the Mean-value property,

271

Ou(x)| = O;u(y)dy
00| = 757 )29
- uly) - ni(y)ds
~ || By 9By () ’ Y
2n

<— oo .
=7 llul| (0B (x))

For y € 9B (z), we have Br (y) C B,.(x), then by the Mean-value property again,

2
oo < 1
foaiya 0Bz (x)) = By | [[ullz (Br(2))>

therefore
2n+ 1

|Ou(z)| < W”UHD(B ()
1
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For |a| > 2, we prove the result by induction. Suppose for |a| < k—1, it is valid
that

Cla
D*u(@)] < 5 lullzs s, )

where |a| = a3 + -+ + oy, and

1 _
Ci. = [B1]’ |a‘_ )
lal = 3 @™ nla))!e!
—ET =1,..

for arbitrary B,(z) C Q. Now for arbitrary multi-index a with |a| = k, there exist
some ¢ € {1,...,n} and multi-index S with |5| = k — 1 such that

D%y = 9;DPu,
then by the Mean-value property,
kn

9;DPu(z)| =
a0t =\

8iDBu(y)dy

kn

e DPu(y) - ni(y)dS
| By o5, (@) (y) - ni(y)dsS,

nk
<D ;e )
= [Dul L (9B (2))

For y € 0B(x, ), we have B%r(y) C B(z,r), then by the Mean-value property
again,
2l = 1)
_ n
(5tr)" [B1]

||DBUHL°°(OB%(:1:)) < lull1 (B, (),

therefore

N (2n+1nk)k
|D%u(z)| < WH”HU(&@»

Example 3. Assume u is harmonic in 2. Prove that u is analytic in Q.

Proof. To prove u is analytic, we show that u can be represented by a convergent
power series in a neighborhood of arbitrary zq € Q.

Denote
1. 1
= ZdlSt(l‘o,aQ)7 M = W‘|u||141(32r(10))'

For each = € B,.(xg), we have B,.(x) C Ba,(xg) C €, then

o 2n+1n || N
HD UHLOQ(BT(EO)) < M( . > |a|| ‘

Since
lalel < elelplalg)

therefore

2n+1n26 ‘O‘|
) ol.
r

1D ull 1~ (5, 007y < CM (
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Consider the Taylor series for u at g,
D%u(x
sy = Y T gy,
la| <N -1

we claim that Sy (z) converges provided x € B.(zg) with 0 < € < 57753-. Indeed,
denote the remainder term

Ry (@) = u(x) — S(a) = 3
la|=N

for some 0 < ¢ < 1. Then for 2 € B.(xo) with 0 < € < 553

n3e’

2n+1 2 N N
v <o 3 (F) (i)

lo|=N

D*u(zg + t(z — x0))(x — 20)“
al

)

< N
<CMn Gy

therefore by letting N goes to infinity, we have
lim |Ry(z)| =0,
N—oc0

which implies that Sy (z) converges to u(z). O

A Supplementary Problem

Problem 4. Suppose u is harmonic and positive in  C R™. Let 2o € 0 be a

zero of . If there exists a ball B,.(z) C Q such that 9Q N B,.(z) = {x¢}, then

0
FZ(%Q) > 0,

where v = . In particular, if 9Q is C' at zg, then v is the inward unit normal
to 0N at the point xzg.

r—Io

For more materials, please refer to [1, 2, 3, 4].
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