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1. mean-value property and harmonic functions

Let us recall the Mean-value property of the harmonic functions.

Theorem 1 (Mean-value property). The function u is harmonic in Ω ⊂ Rn if and
only if for any Br(x) with Br(x) ⊂ Ω,

u(x) =
1

|Br(x)|

∫
Br(x)

u(y)dy =
1

|∂Br(x)|

∫
∂Br(x)

u(y)dSy.

Using the Mean-value property, we can investigate various properties of harmonic
functions.

Example 2. Suppose u is a harmonic in Ω ⊂ Rn, prove that for arbitrary Br(x) ⊂
Ω,

|Du(x)| ≤ 2n+1n

rn+|α||B1|
∥u∥L1(Br(x)).

In general, for multi-index α = (α1, ..., αn),

|Dαu(x)| ≤
C|α|

rn+|α| ∥u∥L1(Br(x)),

where |α| = α1 + · · ·+ αn and

C|α| =

{
1

|B1| , |α| = 0,
(2n+1n|α|)|α|

|B1| , |α| = 1, ...
.

Proof. The case for |α| = 0 is a direct result of Mean-value property.
For |α| = 1, by the Mean-value property,

|∂iu(x)| =

∣∣∣∣∣ 2n

rn|B1|

∫
B r

2
(x)

∂iu(y)dy

∣∣∣∣∣
≤

∣∣∣∣∣ 2n

rn|B1|

∫
∂B r

2
(x)

u(y) · ni(y)dSy

∣∣∣∣∣
≤2n

r
∥u∥L∞(∂B r

2
(x)).

For y ∈ ∂B r
2
(x), we have B r

2
(y) ⊂ Br(x), then by the Mean-value property again,

∥u∥L∞(∂B r
2
(x)) ≤

2n

rn|B1|
∥u∥L1(Br(x)),

therefore

|∂iu(x)| ≤
2n+1n

rn+1|B1|
∥u∥L1(Br(x)).
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For |α| ≥ 2, we prove the result by induction. Suppose for |α| ≤ k− 1, it is valid
that

|Dαu(x)| ≤
C|α|

rn+|α| ∥u∥L1(Br(x)),

where |α| = α1 + · · ·+ αn and

C|α| =

{
1

|B1| , |α| = 0,
(2n+1n|α|)|α|

|B1| , |α| = 1, ...

for arbitrary Br(x) ⊂ Ω. Now for arbitrary multi-index α with |α| = k, there exist
some i ∈ {1, ..., n} and multi-index β with |β| = k − 1 such that

Dαu = ∂iD
βu,

then by the Mean-value property,

|∂iDβu(x)| =

∣∣∣∣∣ kn

rn|B1|

∫
B r

k
(x)

∂iD
βu(y)dy

∣∣∣∣∣
≤

∣∣∣∣∣ kn

rn|B1|

∫
∂B r

k
(x)

Dβu(y) · ni(y)dSy

∣∣∣∣∣
≤nk

r
∥Dβu∥L∞(∂B r

k
(x)).

For y ∈ ∂B(x, r
k ), we have B k−1

k r(y) ⊂ B(x, r), then by the Mean-value property
again,

∥Dβu∥L∞(∂B r
k
(x)) ≤

[2n+1n(k − 1)]k−1(
k−1
k r

)n |B1|
∥u∥L1(Br(x)),

therefore

|Dαu(x)| ≤ (2n+1nk)k

rn+k|B1|
∥u∥L1(Br(x)).

□

Example 3. Assume u is harmonic in Ω. Prove that u is analytic in Ω.

Proof. To prove u is analytic, we show that u can be represented by a convergent
power series in a neighborhood of arbitrary x0 ∈ Ω.

Denote

r :=
1

4
dist(x0, ∂Ω), M :=

1

rn|B1|
∥u∥L1(B2r(x0)).

For each x ∈ Br(x0), we have Br(x) ⊂ B2r(x0) ⊂ Ω, then

∥Dαu∥L∞(Br(x0)) ≤ M

(
2n+1n

r

)|α|

|α||α|.

Since
|α||α| ≤ e|α|n|α|α!,

therefore

∥Dαu∥L∞(Br(x0)) ≤ CM

(
2n+1n2e

r

)|α|

α!.
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Consider the Taylor series for u at x0,

SN (x) =
∑

|α|≤N−1

Dαu(x0)

α!
(x− x0)

α,

we claim that SN (x) converges provided x ∈ Bε(x0) with 0 < ε < r
2n+2n3e . Indeed,

denote the remainder term

RN (x) := u(x)− SN (x) =
∑

|α|=N

Dαu(x0 + t(x− x0))(x− x0)
α

α!
,

for some 0 ≤ t ≤ 1. Then for x ∈ Bε(x0) with 0 < ε < r
2n+2n3e ,

|RN (x)| ≤CM
∑

|α|=N

(
2n+1n2e

r

)N ( r

2n+2n3e

)N

≤CMnN 1

(2n)N
,

therefore by letting N goes to infinity, we have

lim
N→∞

|RN (x)| = 0,

which implies that SN (x) converges to u(x). □

A Supplementary Problem

Problem 4. Suppose u is harmonic and positive in Ω ⊂ Rn. Let x0 ∈ ∂Ω be a
zero of u. If there exists a ball Br(x) ⊂ Ω such that ∂Ω ∩Br(x) = {x0}, then

∂u

∂v
(x0) > 0,

where v = x−x0

r . In particular, if ∂Ω is C1 at x0, then v is the inward unit normal
to ∂Ω at the point x0.

For more materials, please refer to [1, 2, 3, 4].
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